Abstract. This paper surveys the methods that have been used to attack the conjecture, still open, that an abelian variety over a characteristic 0 field with finitely generated Galois group is always of infinite rank.
over K ′ is obtained by extension of scalars from an abelian variety over a finitely generated subfield k ⊂ K ′ . Let k ′ andk denote the algebraic closure of k in K ′ andK respectively. Thenk is an algebraic closure of k ′ , and there is a natural continuous homomorphism π : G K ′ → G k ′ . Ask is linearly disjoint with K ′ over k ′ and algebraic over k ′ , we have K ′ ⊗ k ′k ∼ = K ′k is a subfield ofK, and every k ′ -automorphism ofk extends uniquely to an automorphism of K ′k which is trivial on K ′ and thus to an automorphism of K which is trivial on K ′ . We conclude that π is surjective, so G k ′ is finitely generated. Thus Conjecture 1 for k ′ implies Conjecture 2.
The following special case of Conjecture 1 remains open, even in the case that K = Q and A is an elliptic curve:
Conjecture 3. Let A be an abelian variety over a number field K. Then the rank of A is infinite overK(σ) for all σ.
There is also a characteristic p version, but some care is needed because a locally finite field (i.e., a subfield ofF p ) cannot be AMW. For characteristic p fields, one can define a field K to be AMW if every abelian variety A/K which is not isotrivial has infinite rank over K. There are no such abelian varieties over locally finite fields, so the condition is vacuous, and we can formulate:
Conjecture 4. Every field with topologically finitely generated absolute Galois group is AMW.
Here the absolute Galois group of a field K means Gal(K/K), whereK is a separable closure of K.
The purpose of this paper is to survey what is known about these conjectures and related questions. The emphasis will be on the wide variety of different methods which have been brought to bear, with varying degrees of success, on special cases.
Probabilistic Methods
We recall that a field K is PAC if every geometrically irreducible variety V over K has a K-point. This implies that V (K) is dense in V . We say K is ample (the terms large and anti-mordellic also appear in the literature) if every non-singular curve has either no K-points or infinitely many. Any K-point on a curve which is irreducible over K but not over some algebraic extension of K must lie in at least two geometric components and therefore must be a singular point. In other words, a K-point on any non-singular curve must lie on a geometrically connected irreducible component of that curve. Thus PAC implies ample.
The "PAC Nullstellensatz" [FdJ, Theorem 18.6] asserts that if K is a countable field satisfying Hilbert approximation (e.g., any global field [Ln, Chapter 9, Theorem 4.2] ), then with probability 1,K(σ) is PAC. It follows thatK(σ) is ample. Markus Junker and Jochen Koenigsmann [JK] , made the following conjecture:
Conjecture 5. Every infinite field with finitely generated Galois group is ample.
Arno Fehm and Sebastian Petersen proved [FP] that every ample field is AMW. This shows that Conjecture 5 implies Conjecture 4 and also gives a new proof of Theorem 1.
The same approach can be used to give a probabilistic analysis of Galois representations coming from the non-torsion part of a non-trivial abelian variety A over a field K finitely generated over Q. Let V A := A(K) ⊗ Q, regarded as a space with discrete topology, and consider the representation ρ A : G K → Aut Q V A . This representation is continuous since
where the union (or sum) is taken over all of the (countably many) finite Galois extensions L/K. By Néron's theorem, each summand A(L) ⊗ Q is finite-dimensional.
Every ordered n-tuple σ ∈ G n K defines a homomorphism e σ : F n → G K , where F n is the free group on n generators. The composition ρ A • e σ is then a countable sum of finite dimensional Q-representations of F n , each of which factors through a finite quotient of F n . It is therefore a direct sum of irreducible Q-representations of F n which factor through finite quotients. We call such an irreducible representation an atom.
By the generic representation of F n we mean the direct sum of a countably infinite number of copies of every atom. Thus, ρ A • e σ is always a subrepresentation of the generic representation of F n . Theorem 2. If K is finitely generated over Q and n is a positive integer, the set of σ ∈ G n K for which the G K -representation ρ A • e σ is generic for all non-trivial A/K has measure 1.
Note that the space of GK (σ) -invariants of V A is exactly A(K(σ)) ⊗ Q, so the infinite multiplicity of the trivial atom in ρ A • e σ is equivalent to the infinite rank of A overK(σ).
Proof. Since there are countably many isomorphism classes of abelian varieties over K, it suffices to prove the statement for a single one. Likewise, it suffices to prove that each atom has infinite multiplicity in V A with probability 1. We therefore fix an atom α : F n → GL(W ) which factors through some finite quotient G of F n . In particular, G is generated by some n-element subset.
We fix an embedding ι : G ֒→ A N , N ≥ 4, such that the restriction of the (unique) irreducible N − 1-dimensional Q-representation of A N to G contains W as a subrepresentation. This is possible for all N ≥ |G| + 2, by composing the regular permutation representation of G with an embedding S |G| ֒→ A N . Note that S m embeds in A N for all N ≥ m + 2 ≥ 3, and the permutation representation of S m is a subrepresentation of the restriction of the irreducible N − 1-dimensional representation of A N .
Since the K-points in any projective space are Zariski-dense, Bertini's theorem implies that there exists a non-singular curve X on A defined over K and passing through the identity 0. Let g be the genus of X. Since there are no rational curves on an abelian variety, we have g ≥ 1. We fix a non-empty G K -stable finite subset S of points in X(K) \ {0}.
For any N ≥ 2g + 2|S|, we consider the space of meromorphic functions f on X which vanish to order ≥ 2 on every point of S, which are holomorphic except at 0, and which has a pole of order ≤ N at 0. By the Riemann-Roch theorem, the projective space of such functions has dimension N − 2|S| − g; imposing the condition that ord 0 f ≥ 1 − N or the condition that ord s f ≥ 3 for any specified s ∈ S defines a projective subspace of codimension 1, while imposing the condition that ord t f ≥ 2 for some t ∈ X \ (S ∪ {0}) defines a projective subspace of codimension 2. The union over t of these codimension 2 subspaces is therefore a subvariety of codimension 1.
It follows that there is a dense open subvariety of functions f on X which have a pole of exact order N at 0, no other poles, zeroes of exact order 2 at each point in S, and no other multiple zeroes. As K-points are Zariski dense in projective space, we can take f to be defined over K. Thus, f defines a morphism X → P 1 of degree N , which gives a degree N extension of function fields K(X)/K(P 1 ).
The Galois group H of the minimal Galois extension of K(P 1 ) containing K(X) is a permutation group of degree N , defined up to conjugation. Local monodromy considerations at ∞ and 0 show that H contains an N -cycle and an element of order 2 with |S| 2-cycles (and therefore at least 2 fixed points, as N ≥ 2|S| + 2.) If N is prime and sufficiently large, H cannot therefore be contained in the group of affine transformations on the field with N elements. If, in addition, N > 23 and N is not of the form
for any prime power q and integer m ≥ 2, then H must contain A N [Fe, Theorem 4.2] . We conclude that there exists an n-tuple
There is no difficulty choosing an arbitrarily large prime that is not of the form q m −1 q−1 . For the latter expression to be prime, either q must be a power of 2, or m must be odd. The number of expressions of the form
; the number of expressions 1 + q + · · · + q 2k < M where k is a fixed positive integer and q ≥ 2 is variable is less than M 1/2k − 1, so the number if k is allowed to vary is O(M 1/2 ), while the number of primes < M grows like M/ log M . So we may fix a prime N with
the action of Gal(L/K) on this space is a quotient of the N -dimensional permutation representation of H, which decomposes as an irreducible N − 1-dimensional representation and a trivial representation. If the quotient V c does not contain the N − 1-dimensional irreducible, it must have trivial H-action, so x 1 − x 2 ∈ A(L) tor for all x 1 , x 2 ∈ f −1 (c). By a theorem of Geyer and Jarden [GJ, Proposition 1.1] , since x 1 − x 2 is defined over a bounded degree extension of a given finitely generated field, there are only finitely many possibilities for it, independent of the choice c.
For each t ∈ A(K) tor there are three possibilities for the translation map τ t : A → A:
can only happen for finitely many pairs (x 1 , x 2 ), so there are finitely many possibilities for c = f (x 1 ). In case (2), there are finitely many c for which there exists x 1 with x 1 , x 1 + t ∈ f −1 (c).
The set of torsion points t for which case (3) occurs forms a finite subgroup T of A, and the morphism f factors through X → X/T . Since deg f = N is prime, this means |T | = 1 or |T | = N . The case |T | = 1 means x 1 − x 2 ∈ T implies x 1 = x 2 , so this case can be disregarded. This leaves the case |T | = N , which implies f is the quotient map by translation by T . This cannot happen, since T acts freely on A and therefore on X, while every degree N morphism from an irreducible curve to P 1 is ramified. Thus, at the cost of excluding finitely many values of c, we may assume that the action of H on V c contains an irreducible factor of degree N − 1.
If the composition of e σ with the quotient map G K → H has image ι(G), then ρ A • e σ contains at least one copy of the atom α. The probability that this occurs for a single value c is at least N ! −n . However, by Hilbert irreducibility, for every finite sequence
We define K m+1 to be L, and iterate. By linear disjointness, the conditions on the compositions of e σ with different maps
By the second Borel-Cantelli lemma, this implies that with probability 1, the atom α occurs infinitely many times in ρ A • e σ .
Diophantine Geometry
Let K be any Hilbertian field. Given an abelian variety A/K, a finite group G, and an n-dimensional integral representation G → Aut(Λ), we define B := Hom(Λ, A) ∼ = A n . The action of G on Λ determines an action of G on B. Note that Λ ⊂ Hom(B, A), and this embedding is compatible with G-actions, where G acts on Hom(B, A) through its action on B.
Suppose that the quotient variety B/G contains a rational curve C. Let Y denote the inverse image of C in B. If Y is irreducible, we can apply Hilbert irreducibility to the morphism f : Y → Y /G = C to conclude that for "most" c ∈ C(K), the inverse image of c in Y consists of a single point y ∈ Y whose residue field L is a G-extension of K. The embedding of Y in B gives a point of B(L), which we again denote y.
The action of Gal(L/K) on the Galois orbit of y is compatible with the action of G on B. Composing the embedding of Λ in Hom(B, A) with the evaluation map on y, we get a G-equivariant map from Λ to A(L). The span of the image in A(L)⊗Q, regarded as Gal(L/K)-representation is therefore a quotient representation of W := Λ⊗Q as G-representation. Generically [IL1, Proposition 2.1], this span is in fact isomorphic to W as G-representation.
In favorable situations, this construction can be used to give unconditional proofs that A(K(σ)) has infinite rank. If W H = 0 for all subgroups of G generated by n elements, then a copy of W in A(L) ⊗ Q guarantees a nonzero element in A(L ∩K(σ)) ⊗ Q. By linear disjointness arguments, one can construct an infinite linearly independent sequence of such elements.
In [Lr] , this idea is implemented in the following concrete form. Suppose E is an elliptic curve over K and a i and b i are period-3 sequences in K such that for all i (or equivalently for i = 1, 2, 3),
is K-isomorphic to E. For all c ∈ K distinct from all a i and b i , we have
Thus for all σ ∈ Gal(K/K) there exists i ∈ {1, 2, 3} such that
Finding such a i and b i for a given E amounts to realizing the c-line in E 3 /G, where G is the Klein 4-group with each non-zero element inverting two coordinates of E 3 . Ideally, one would like to choose G and Λ such that Λ G = (0) but Λ H = (0) for all n-generated subgroups of G, where n is a fixed (possibly large) integer. For any n, such a pair exists; for instance, one can take G = (Z/2Z) n+1 , and let Λ denote the quotient of the integral regular representation by its group of G-invariants. Unfortunately, for such pairs (G, Λ), for n ≥ 2, we do not know if Hom(Λ, A)/G has any rational curves. (There is one exception: for the elliptic curve
7 ), and n = 2, the Hamming code gives [Lr, Theorem 6 ] a rational curve on Hom(Λ, A)/G .)
There are example of pairs (G, Λ) for which Hom(Λ, A)/G has many rational curves. For instance, a theorem of Eduard Looijenga [Lo] shows that if G is a Weyl group and Λ is suitably chosen, this quotient is actually a weighted projective space. On the other hand, examples where most points in Hom(Λ, A)/G lie on rational curves are rare and never too far from the reflection group case [KL] . It may also happen that Hom(Λ, A)/G may fail to be uniruled and still have some rational curves. There are some interesting examples of this phenomenon, especially when A is an elliptic curve; for instance most of the smaller sporadic groups can be realized in this way [IL1] .
On the other hand, there is some evidence that, especially for quotients of higher dimensional abelian varieties by finite groups, rational curves may be the exception rather than the rule. For instance, by a theorem of Gian Petro Pirola [Pi] , most Kummer surfaces of dimension ≥ 3 have no rational curves. It would be interesting to have a criterion in terms of a positive integer d, a finite group G, and an integral representation Λ of G for whether Hom(Λ, A)/G has a genus 0 curve for all abelian varieties A of dimension d.
Note that if Λ 1 and Λ 2 are integral representations such that the rational representations W i := Λ i ⊗ Q are isomorphic to one another, then the Hom(Λ i , A) admit G-equivariant isogenies in both directions, so the existence of genus 0 curves depends only on the underlying rational representation. As a very preliminary step in this direction, in [IL5] , we gave the following sufficient criterion, extending the result of [KL] :
Theorem 3. If G has an element g which acts on the Lie algebra of B with eigenvalues λ i = e 2πix i , 0 ≤ x i < 1, and i x i ≤ 1, then B/G has at least one rational curve.
If G is an alternating group of even degree d and W is the d−1-dimensional irreducible representation, then W H = 0 for all cyclic subgroups H of G. Indeed, H is generated by a single element, which cannot be a d-cycle and must therefore have at least two orbits in its action on {1, 2, . . . , d}; it follows that W H has dimension at least 1. Using this construction, in [IL2] we proved Conjecture 2 for n = 1: Theorem 4. Let A be a non-trivial abelian variety over a field K which is not locally finite, which does not have characteristic 2, and which has topologically cyclic Galois group. Then the rank of A over K is infinite.
Combinatorics
According to Conjecture 5, every pointed non-singular curve X/K has infinitely many points overK(σ) for all σ. This implies the following:
Conjecture 6. If K is a finitely generated field over Q and X is a pointed non-singular curve over K, then for all σ, there are infinitely manyK(σ) points on X.
For some curves, this can be proved directly [IL4]:
Theorem 5. If a 1 , . . . , a 2g+2 are pairwise distinct elements of any infinite field K ′ :=K(σ), not of characteristic 2, with finitely generated Galois group, then the (non-singular) split hyperelliptic curve
has infinitely many points over K ′ .
To explain the strategy of proof, we consider the case that the characteristic of K is 0, g = 1, and a i = 1 − i for i = 1, . . . , 4. As G K ′ = σ is finitely generated, by Kummer theory, (K ′ ) × ⊗ F 2 is finite. Each positive integer n determines a class in this group, so by van der Waerden's theorem, there exist four positive integers in arithmetic progression, a, a + d, a + 2d, a + 3d, all of which are equivalent modulo squares in K ′ . Thus
so there is a rational point on the curve with x = a/d. In the general case, the proof uses the Hales-Jewett Theorem [HJ, Theorem 1] . This result implies that if K ′ is not locally finite, then for any abelian variety A which admits a non-constant K ′ -morphism from a split hyperelliptic curve X, the rank of A over K ′ is infinite. In particular, this is the case for all elliptic curves with all 2-torsion points rational.
The other class for which we are aware of a combinatorial proof of Conjecture 6 is projective curves X of the form ax n + by n + cz n = 0. By [BL] , if a, b, c ∈ Q then X has infinitely many points overQ(σ) for all σ provided it has at least one point over Q. In fact, less suffices; it is enough that X has points over every completion of Q. The crucial point is to solve equations of the form au + bv + cw = 0, where u, v, w lie in chosen cosets of an arbitrary finite index subgroup of Q × . This is done using the circle method.
Arithmetic
In this section and the next, we focus on Conjecture 3 in the case that A = E is an elliptic curve. Here we consider methods from arithmetic geometry; in the following section, which is mainly conjectural, we consider what might be hoped for from analytic number theory.
We start with an elliptic curve E/Q. By modularity, we have a good supply of algebraic points on E, namely, the Heegner points.
Let K be an imaginary quadratic field of Q with discriminant D and N be the conductor of E/Q. For each positive integer c relatively prime to N D, let O c be the order of index c in the ring of integers O K of K. Then the elliptic curve C/O c defines a point on the modular curve X 0 (N ) and its image P c on E under the modular parametrization of X 0 (N ) to E is called the Heegner point of conductor c and it is defined over the ring class field H c of conductor c. If K satisfies the so-called Heegner hypothesis, i.e., all primes dividing the conductor N of E split in K, then there exists a non-torsion Heegner point in the collection of all Heegner points. (See [Dar] .)
In [I2] , it is proved that Heegner points span an infinite-dimensional subspace of the Mordell-Weil group E(H) over the compositum H of all ring class fields with conductor prime to N D. In particular, since the ring class fields H rp m , where r and p are relatively prime to N D, have dihedral Galois group over Q, if an automorphism σ ∈ G Q does not fix K, then by the norm-compatibility relation among the Heegner points over H rp k , it can be shown that the rank of E is unbounded over the fixed subfields of H rp m under σ as m increases. If σ fixes all imaginary quadratic extensions, then automatically the rank of E over the fixed subfield under σ is infinite by an elementary argument. Either way, E has infinite rank overQ(σ) for n = 1.
The same strategy has been applied [BI] to extend this result to elliptic curves over global function fields of odd characteristic parametrized by Drinfeld modular curves, and for elliptic curves over totally real fields parametrized by Shimura curves.
If k is a totally real number field and f is a new form on GL 2 (A k ) of weight 2 with level condition associated with c, where A k denotes the ring of adèles of k and c is a non-zero ideal of O k , then by [Zh] there exists an elliptic curve E ′ /k of conductor c such that the L-functions of E ′ and f coincide up to factors at primes dividing c and there exists a Shimura curve X/k and a surjective k-morphism from X to E ′ . So we say that E/k has a modular parametrization by a Shimura curve if E is k-isogenous to E ′ arising as above. If K is an imaginary quadratic extension of k such that the discriminant of K/k is prime to c and satisfying a splitting or non-splitting property depending on the degree of k over Q, which is the Heegner hypothesis in the case of totally real fields, and if E/k has a modular parametrization, then we can construct Heegner points on E via the isogeny as before.
If k is a global function field of odd characteristic, for any elliptic curve E/k, there exists a morphism from the Drinfeld modular curve X 0 (c) to E, where the conductor of E is c·∞ for an ideal c of O k [GR] . We say K/k is an imaginary quadratic extension if the place ∞ does not split in K/k. In this case, the Heegner hypotheses for K is the condition that all primes dividing c split in K/k. For K satisfying the Heegner hypothesis, we can construct Heegner points via this Drinfeld modular curve parametrization as before.
Although these results are now encompassed by Theorem 4, Heegner point methods, possibly in conjunction with ideas from analytic number theory, remain a viable approach to Conjecture 3 for elliptic curves over suitable global ground fields.
Tim and Vladimir Dokchitser [DD1] gave an approach to Conjecture 3 for elliptic curves for general n. Assuming the Birch-Swinnerton-Dyer conjecture, they proved that the conjecture holds if K has a real place or E has non-integral j-invariant.
Their main idea was to show first that there is a quadratic extension M/K where the root number w(E/M ) = −1 and the rank of E(M ) is odd. If a place v of K which is real or nonarchimedean with v(j(E)) < 0 is fixed, then they proved that by the weak approximation theorem, M can be taken as a quadratic extension such that the negative contribution of the local root number occurs only above v, so that the global root number w(E/M ), which is the product of local root numbers, is −1.
If G ⊂ G K is finitely generated, for an odd prime p, they constructed a Galois extension F/K containing M such that Gal(F/K) ∼ = F r p ⋊ C 2 where C 2 acts by −1, the image of G in Gal(F/K) has order at most 2, and the primes of M above bad reduction primes of E/K split completely in F . Then, by taking any index p subgroup V of F r p , V is a normal subgroup of Gal(F/K) and Gal(F V /K) is isomorphic to the dihedral group of order 2p. As the image of of G in Gal(F/K) has order ≤ 2, they got a degree p-extension ⊆ F V over K fixed by G and applied the congruence modulo 2-relation among the ranks of E over M, L and K ( [DD2] ) from which they concluded that by the p-parity conjecture,
Analytic Number Theory
The method of §3 is based on the idea that where there are rational curves, there are rational points. However, many varieties without rational curves nevertheless have many rational points. The following conjecture seems to us likely to be true but unlikely to follow from the method of §3:
Conjecture 7. Let E/Q be an elliptic curve. For all n there exist infinitely many linearly independent n + 1-dimensional F 2 -subspaces V i ⊂ Q × /(Q × ) 2 such that for all i and all non-zero v ∈ V i , the twist E v has positive rank.
This conjecture implies that Conjecture 3 holds for E. Indeed, let Q( √ V i ) denote the extension of Q obtained by taking square roots of coset representatives of all elements of V i . By Kummer theory, Gal(Q( √ V i )/Q) is dual to V i , and the image of σ fixes a subspace of V i of positive dimension. Thus there exists v i ∈ V i such that Q( √ v i ) ⊂Q(σ). As E v i has positive rank, the non-trivial eigenspace of the action of Gal(Q( √ v i )/Q) on E(Q( √ v i )) ⊗ Q has positive rank. By taking points of E in linearly disjoint fields Q(
we obtain an infinite sequence of elements in E(Q(σ)) ⊗ Q, which can easily be seen to be linearly independent (see, e.g., [Lr, Theorem 5] ). It is known [ILR] that there are examples of curves E such that Conjecture 7 holds for n = 1. The conjecture would hold in general if we knew:
Conjecture 8. Let E/Q be an elliptic curve. There exists an infinite dimensional F 2 -subspace V 0 ⊂ Q × /(Q × ) 2 such that for all non-zero v ∈ V 0 , the twist E v has positive rank.
Using analytic arguments and the known positive density of positive rank quadratic twists of certain elliptic curves over Q (see, e.g. [Va] ), we proved [IL3] that there exist elliptic curves E over Q with arbitrarily large finite subspaces V 0 ⊂ Q × /(Q × ) 2 satisfying the positive rank condition for E. On the other hand, Conjecture 8 would be an easy consequence of the following conjecture:
Conjecture 9. Let E 1 , . . . , E n be elliptic curves over Q. Then there exists d ∈ Q × /(Q × ) 2 such that the twist of every E i by d has positive rank.
By estimating
d<N L ′ (1, E d ), Perelli-Pomykała [PP] showed that the proportion of twists of a fixed elliptic curve E by d < N which have analytic rank 1 grows faster than N −ǫ for all ǫ > 0. The same is true for rank 1 by Kolyvagin's theorem. Choosing ǫ < 1/n, this gives a heuristic argument for Conjecture 9. It would be interesting to try to bound
away from zero.
